population containing this gene may be classified into the three genotypes aa, bb, and ab with frequencies p, q and r. Any such population may be represented by a point in a trilinear diagram, based on an equilateral reference triangle, and such that the lengths of the perpendiculars from the "population point" to the sides of the triangle are proportional to p, q and r. We shall investigate how a large population changes from generation to generation under certain conditions, and represent these changes by curves in a trilinear diagram. Further, we shall obtain phase diagrams, similar to fig. 4 of the paper quoted, showing broadly the equilibrium populations for various magnitudes of the selective disadvantages of the homozygotes aa and bb. The populations are assumed to be large enough for random fluctuations in gene frequencies to be unimportant.
EQUILIBRIUM
Let p, q and r (p+q+r = i) be the frequencies of aa, bb and ab respectively and let x,y and i (x andy I) be their respective viabilities.
Let sand t (s+t = i) be the frequencies of selfing and random mating.
Starting with a population (p0, q0, r0) and no selection, the x = survival rate of one homozygote (aa) relative to that of the heterozygote (ab). y relative survival rate of the other homozygote (bb).
When the point (x,y) is in A, the population becomes homozygous aa, in B, homozygous bb. In C, the population becomes less heterozygous than a population mating at random without selection, in D, more heterozygous. 
These equations determine p, q and r in terms of x, y and s. Fig. i shows the type of equilibrium population for various values of x, y and s. The areas marked A and B correspond to homozygons aa and bb respectively; in C the population, though containing heterozygotes, has more homozygotes than a population mating purely at random without selection ; in D it contains more heterozygotes; on the boundary between C and D, the effects of inbreeding and selection exactly counterbalance each other. (The small letters in the diagram for s = will be referred to in 4.2.)
The inner boundaries of A and B are obtained by making r tend to zero in the equilibrium equations (2). The boundary between A and C is 2SXy-2X2+2X-SX-S) = 0.
Interchanging x andy gives the boundary between B and C.
Hardy's law is the statement that e = o. Eliminating p, q and r from this and equations (2) produces
This is the boundary between C and D. All three of these curves are hyperbolas. A point to note is that strong selection against (even lethality of) one homozygote does not necessarily cause the corresponding allele to disappear from the population. Selection against the other homozygote can hold the heterozygote in the population.
3. EXACT SOLUTIONS 3.1. When x =y = i, equations (2) show that the equilibrium state satisfies sr -te = o. This is a parabola in the (p, q, r) trilinear diagram passing through the lower vertices of the reference triangle. 3.2. When x =y < i, then from (2) p = q, and therefore e = (2p-r)(2p+r) = 2p-r.
Eliminating p, q and t from (2) in this case leaves xr( i +s -sr) = (i -r) (i -s +sr), giving the frequency, r, of the heterozygote in terms of the survival rate, x, of the homozygotes. Graphs of r against x for s = o, , , and i are shown in fig. 3 .
In the trilinear diagram the equilibrium point is ((i -r), 4(i -r), r) on the perpendicular bisector of the base of the reference triangle. Distances from the sides labelled p, q and r represent the proportions of aa, bb and ab respectively in the population. s is the proportion of selfing.
The points of the parabolas represent possible equilibrium populations for the corresponding values of s. The approach to equilibrium is shown for three cases by arrowed lines, the dots indicating the position of the population in successive generations. Now there will be an equilibrium parabola through each equilibrium point. If it has equation (i-fl)r-e==o (4) it must be satisfied by the solution of (2). The value of fi for this to be so can be shown to be the positive root of fl2(2xy-x -y) +fl{(4-2t)Xy--(3 -t) (x+y) +2}+t(2 -x -rny) = o .7
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x Fio. 3.-Equilibrium with equal viabilities of the homozygotes. r = proportion of heterozygotes in the population.
x survival rate of both homozygotes compared with the heterozygote. s = proportion of selfing.
s is given and (x, y) lies in C or D the equilibrium point lies above the parabola sr -te o, since the population must eventually become more heterozygous than it would in the absence of selection against the homozygotes. In 3.! it was shown that the equilibrium point lies on the parabola sr-te = o in the trilinear diagram. Now P+T = p0+r0 and = q0+r0, which also follow directly from the constancy of gene frequencies (assuming no mutation). Hence the point (ps, q, r) lies on the perpendicular line from (p0, q0, r0) to the base of the reference triangle. Evidently as n increases the population point proceeds along this line until it reaches the equilibrium parabola, the distance from equilibrium being reduced to s of its previous value every generation. Fig. 2 illustrates three cases when s = o,
-and i, the first attaining equilibrium in one generation. The dots indicate successive population points.
4.2.
For general values of x and y, successive applications of the proportionalities (i) enable the population point to be plotted from generation to generation, while the limit point may be determined independently by 3.3. Fig. 4 illustrates the approaches to equilibrium starting with two different populations F = (o.6, o3, oi) or G = (oi, O3, 0.6) under an equal mixture of selfing and random mating (s = ). Commencing at F, the first few and some subsequent These have also been labelled in fig. i for s = Some points may be noted. Most of the initial With strong selection against the homozygotes the equilibrium is attained quickly and fairly directly. With weak selection against the homozygotes, the equilibrium parabola through the equilibrium point is first approached quickly and nearly vertically, thus correcting any heterozygote-homozygote disequilibrium. Then the population point moves slowly round close to this parabola to the final equilibrium point, thus correcting any disequilibrium between the two homozygotes.
We recall that when there is no selection against the homozygotes the equilibrium depends on the initial gene frequencies. Hence, if fluctuations in these frequencies occur (by chance or by mutation) the equilibrium point shifts around the equilibrium parabola (determined by s) since there is no controlling force to hold it at any particular point on the parabola.
When there is only weak selection against the homozygotes a similar situation prevails. In case (e) and starting from (o 6, 0.3, o.i) the population point is still distant 0125 units from the equilibrium point after 30 generations and the next generation only reduces this gap by 2 i per cent. This slow approach to equilibrium shows that the force working towards equilibrium is weak. This means that, though in general the equilibrium is stable and is fixed by the mating system and the survival rate of the homozygotes, there is a region near x =y = i in fig. i in which small disturbing influences may cause the population point to drift widely away from equilibrium along the equilibrium parabola.
SUMMARY
The equilibrium is investigated of a large population breeding under a system of mixed selling and random mating with selection against the homozygotes. Diagrams are produced giving the types of equilibrium and illustrating the approach to equilibrium in particular cases.
